The main objective of the present investigation is to examine the couple stress uid ow occurring as a result of rotation of a disk. On implementing a suitable transformation, the governing system of partial di erential equations (PDEs) is converted into nonlinear di erential equations of a single independent variable. These equations are solved analytically by virtue of the Homotopy Analysis Method (HAM) which gives solutions in the form of a series. The solution of most of the governing problems is determined in terms of the absolute exponential and decaying functions by means of this powerful technique. To support analytic results, some graphs are plotted for determining the convergence of the solution. Also the graphical interpretation of velocity pro les corresponding to the effects of pertinent parameters are shown and discussed in detail. The numerical results are calculated for evaluation of the in uence of uid parameter. It can also be anticipated that the radial and axial velocity components show decreasing behavior due to rise in the values of couple stress parameter which con ict the behavior of the tangential component of velocity.
Introduction
The ow which appears due to a rotating disk has gained a signi cant amount of attention in many mathematical models and has become an intriguing topic in recent in-vestigations. These types of ows have received practical importance in many engineering processes, such as spincoating, revolving appliances, medical apparatus, computer storage instruments, turning viscometer, machinery radiating from a central point, draining of liquid metals, growth processes of a crystal, turbo devices and in many essentially aerodynamic operations.
The pioneering work related to the Newtonian uid ow as a result of an in nite rotating disk was examined by Karman [1] in latent ambient. The Navier-Stokes equations which govern the ow diminished to a self-similar form by utilizing Karman's transformation. Joshi et al. [2] considered the in uences of porous medium on the Bodewadt ow of a magnetic nano uid past through a uniformly heated stationary disk in the occurrence of geothermal viscosity. To analyze the important features for the unsteady convective ow, Ram et al. [3] presented the time-dependent three-dimensional boundary layer ow of nano-suspension by considering the e ects of heat transfer. A comprehensive study related to the time-dependent boundary layer ow of a magnetic nano uid over a rotating disk with the combined e ects of thermal radiation and variable viscosity has been encountered by Joshi et al. [4] . An inclusive e ort to examine the solution of the problem governing the time dependent boundary layer ow of magnetic nano uids due to rotation of stretchable plate has been conferred by Ram et al. [5] . This ow has been discussed in the presence of a porous medium and inspected the e ects of geothermal viscosity with viscous dissipation.Further, for inspecting the in uence of porosity of the medium, the viscous incompressible uid ow in the presence of temperature-dependent viscosity has been presented by Attia [6] . Ram and Kumar [7] has analyzed the ferrohydrodynamic laminar boundary ow of electrically non-conducting magnetic uid over a disk surface which is radially stretchable. To examine the behavior of Bingham plastic uid ow, Rashaida [8] has considered the problem which deals with the ow of a non-Newtonian Bingham plastic uid due to the rotation of a disk. Andersson et al. [9] have investigated the axi-symmetric powerlaw uid ow in the boundary layer consistently. The solution of the steady laminar ow of an incompressible viscous electrically conducting uid on account of the ro-tation of a disk in the presence of a magnetic eld has been accomplished by Turkyilmazoglu [10] . Sibanda and Makinde [11] have investigated the in uences of magnetic eld, electrical heating, viscous dissipation e ect, Hall effect generated by the electric potential, and current due to ion slip in the steady ow occurring due to a rotating disk. The solution of the steady ow of an incompressible uid past through a rotating disk with the in uence of an external uniform magnetic eld has been provided by Ariel [12] . Attia [13] has focused on the unsteady ow of a viscous uid in the presence of a magnetic eld. Moreover, the in uences of suction or injection on the ow have also been explored. Khan and Riaz [14] have established an interesting analysis for the couple stress uid ow near a stagnation point due to the rotation of a disk which is non-aligned. A study concerning the boundary layer ow of a couple stress uid past through a continuous moving surface with the e ect of heat transfer in the uid ow has been attempted by Hayat et al. [15] . Furthermore, to nd the exact solutions of di erent types of ows such as Couette, Poiseuille and generalized Couette ows for the couple stress uid model, Devakar et al. [16] presented the analytical solutions for determining the ow behavior of the uid along with slip boundary conditions. In general, less academic attention has been paid to observe the in uence of couple stress uid ow.
In recent years, many nonlinear problems have been extensively solved by utilizing the Homotopy Analysis Method (HAM) developed and re ned by Liao [17] . This method has drawn the exclusive attention of many researchers, therefore, to analyze the convergence of the solution obtained by HAM, Hussain et al. [18] considered the impact of linear operator on the uid ow problem by adopting a modi ed operator approach. The ow through stretching surface is of great signi cance due to its various utilizations in di erent elds. As a result, the unsteady ow induced due to a stretching surface with the e ect of magnetic eld has been inspected by Hayat et al. [19] . In addition, many analysts have served a comprehensive e ort to acquire the solutions of equations as mentioned in [20] via Homotopy Analysis Method, implementation of HAM for solving the nonlinear problem [21] and analysis of the ow and heat transfer in the direction of a stretching sheet [22] . These studies enhance the e ciency and adaptability of HAM. In literature, many other new techniques can be found for solving ODEs and PDEs. Recently, a new integral transform method has been proposed and successfully applied on many physical problems [23] [24] [25] .
Stokes has originated the couple stress uid theory [26] , which demonstrates the classical viscous uid theory in generalized form that maintains couple stresses and the body couples. The present work focuses on the ow of couple stress uid occurring due to the rotation of a disk and obtains the analytical solution of the problem under consideration. Our concern in the present paper is to nd a highly accurate analytic solution of the considered problem followed by the implementation of HAM. Here, by utilizing HAM, the solution in the form of a series is rst calculated and then the convergence region of the solution is observed. The graphical and tabular forms for the numerical results have been presented and discussed.
Mathematical formulation of the problem
Our interest here is to explore the axi-symmetric steady couple stress uid ow as a result of the rotation of an innite disk about its z axis as associated with the coordinates (r, ψ, z) in the cylindrical system along ω as an angular velocity. The r-axis is assumed to be parallel to the disk surface and the z-axis is taken perpendicularly to the direction of disk surface. Figure 1 shows the physical model of the considered problem, where νr , ν ψ and νz denote the velocity components in the radial (r), tangential (ψ) and axial (z) directions, respectively. Also ρ, v, p, and λ are the uid density, kinematic viscosity coe cient, pressure, and couple stress parameter, respectively.
The constitutive partial di erential equations can be given as:
(1) 
Subject to the boundary conditions [27] on the disk surface and the boundary conditions at in nity
where
Using similarity transformation formulated by Karman [1] , we have
By the above transformation, Eqs. (1)- (4) reduces to:
Here, prime of the functions gives di erentiation with respect to Λ, subjected to the boundary conditions [27] :
According to Eq. (11), we have
Substituting Eq. (13) into Eqs. (8) and (9), we have
with boundary conditions:
Solution of the problem
To examine the precise and entirely analytic solutions of Eqs. (14)- (15) with the boundary conditions (16), using HAM, we have selected the following initial approximation H (Λ), G (Λ),
and the auxiliary linear operators L and L as:
which ful ll the following characteristics:
Here, c , c , c , c and c are known as the arbitrary constants, p ∈ [ , ] yields an embedding parameter, and is the convergence control parameter. The zeroth-order deformation equations can be given as:
The boundary conditions for this deformation are:
On the basis of Eqs. (14)- (15), the leading operators N and N can be signi ed as:
By utilizing the Taylor's series whenchangesthe values from 0 to 1, it can be shown that
The convergence of the aforementioned series given in Eqs. (28) and (29) is strictly based on . The values are to be chosen so that the series in Eqs. (28) and (29) have convergent behavior at p = and hence Eqs. (24) and (25) yield
For the m th order deformation, di erentiating Eqs. (26) and (27) m times with respect to the embedding parameter p and dividing them by m!, then set p = . The resulting deformation problems at the m th order are:
We have used the symbolic computation software MATH-EMATICA 10 for the solutions of Eqs. (32) and (33) with boundary conditions (34).
Graphical and numerical results and discussion
The present work is concerned with the study of an incompressible steady ow of couple stress uid due to the rotation of a disk. The main interest is to examine the analytical solution of the considered problem and analyze the ow behavior of the uid. For the sake of clarity and precision, in this section,the comparability and the graphs of velocity pro les obtained via HAM have been conferred. A family of explicit analytic expressions involving auxiliary parameter has been presented by the in nite solution series as mentioned in Eqs. (32) and (33).The convergence area of the solutions and the rate of approximation for HAM depend on the values of parameter . By selecting the appropriate value of , which increases the credibility that the series solution approaches to its unique solution. The graphs of the curves related to the ow eld parameters F ( ), G ( ), and H ( ) are illustrated by taking the su cient and convenient region of for various values of couple stress parameter. By utilizing the converged conditions, the su cient region for convergence of relating to the line segments is nearly along the horizontal axis. Figures 2-4 show the -curves obtained at the 15 th order of HAM approximation and clearly expound that the range for the admissible values. In order to demonstrate our analytical solutions of couple stress uid ow, it is worth mentioning to verify the numerical method. The extensive part of attention has purposely given to viscous uid [27] which not only gives the reliability but also provide the way to go forward. tics of the problem. For this purpose, the following graphs have been sketched. It can be observed from Figure 6 that the dimensionless velocity component F exhibits decreasing behavior by rising in the values of couple stress parameter β nearly to the surface of the disk. The tangential component of velocity G is noticed to increase with increase in couple stress parameter at any given tangential point over the disk surface as illustrated in Figure 7 . As we maximize the values of couple stress parameter, it becomes the cause of decreasing the axial velocity component H at all the points located above the disk surface as depicted in Figure 8 . It can be deduced from Figure 9 that the pressure exceeds as the couple stress parameter β increases. Figure 10 gives the comparison of velocity, temperature, and pressure pro les for = − in HAM, which is the traditional homotopy perturbation method, with NDSolve values for viscous uid. It is clearly observed that this choice of value is not accurate and some other value must be selected from the range discussed in Figures 2-4 . As mentioned afore, the thickness δ can be regarded as the point where the circumferential velocity v ψ drops to 1 percent of its wall value or G ≈ . , which appears at around the value of Λ ≈ . then the layer thickness for viscous ow is δ ≈ . and it is clear that the uid is drawn from the disk surface at the rate vr(∞) = − . √ vω and for the couple stress uid asymptotic value is H(∞) = − . , therefore the uid is drawn from disk towards it at the rate vz(∞) = − . √ vω. Hence, both the viscosity and angular velocity increases the disk's pumping action. The disk surface has the circumferential wall shear stress as follows:
where G = − . for viscous ow and G = − . for couple stress uid from the table.
Conclusion
In this paper, we have presented the swirling ow of couple stress uid occurring due to the rotation of a disk. The Karman's similarity transformation has been implemented for converting the partial di erential equations into the ordinary di erential equations which are further solved by the analytical technique HAM. Moreover, it is also of signicance to present the results for the illustration of the ow characteristics associated with the velocity and pressure pro les. The variations on velocity pro les have also been observed by taking various values of the couple stress parameter. Numerical values on which the results have been evaluated are given in the form of Table 1 . The following outcomes have been extracted from the above mentioned work:
• The 15 th order approximation for a series solution is obtained in Table 1 .
•
The inverse relation has been observed on radial and axial components of velocity, because the rising values of couple stress parameter produce the decreasing e ects on the radial and axial velocity components. But in contrast, it causes to increase the pressure.
The couple stress parameter increases the values of the tangential component of velocity. 
